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Abstract

We deal with the generalized Emden-Fowler equation f”(x) 4+ g(z)f~%(z) = 0,
where 6 € R, x € (a,b), g belongs to LP((a,b)). We obtain a priori estimates
for the solutions, as well as information about their asymptotic behavior near
boundary points. As a tool we derive new nonlinear variants of first and second
order Poincaré inequalities, which are based on strongly nonlinear multiplicative
inequalities obtained recently in [I1].
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1 Introduction

In this paper we deal with the generalized Emden—Fowler equation
f"(z) +g(x)f%(x) =0, where § € R, x € (a,b), (1.1)

which appears in many branches of mathematical physics.

For v := —f# > 0 the equation is known as the generalized Emden—Fowler equation
with positive exponent and is of great interest in literature. It appears in the study
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of gas dynamics, fluid mechanics, relativistic mechanics, nuclear physics and in study
of chemically reacting systems. In particular the equation y"(t) = t%y(t)% found inde-
pendently by Thomas [24] and Fermi [8] describes the electrical potential in an isolated
neutral atom. For a detailed account of historical developments, particular applications
of this equation we refer to the survey paper of Wong [27, Section 2].

For v := —6 < 0 the equation is called the generalized Emden—Fowler equation with
negative exponent. It also arises in many branches of applied mathematics. For example
it appears in fluid dynamics to investigate problems in non-Newtonian fluid flow [14] or
to describe the flow over an impermeable plate [I8]. Equations of this type are found
in permeable catalysis [22], are used to describe glacial advance [26] or the transport of
coal slurries down conveyor belts [7].

Let us mention the following two problems that arises in the study of Emden—Fowler
equations:

A) the existence and uniqueness of solutions;

B) the regularity and qualitative properties of solutions, involving questions about
their asymptotic behavior and a priori estimates.

We briefly discuss some selected results considering cases A) and B) separately.

A) THE EXISTENCE AND UNIQUENESS. In literature authors usually consider clas-
sical solutions to ([1.1)), i.e. solutions in the class C([0,1]) N C?%((0,1)), under various
boundary conditions and assumption that g € C((a,b)), g > 0. For example Nachman
and Callegari [I8] proved for g(x) = x and 6 = 1 the existence, uniqueness and analytic-
ity of positive solutions with vanishing Dirichlet boundary conditions. A necessary and
sufficient condition on g for the existence of solutions to (1.1 with 6 > 0 was given by
Taliaferro |23], who also proved that such solutions are unique. For a deeper discussion
see [21] and for results regarding more general equations see |2} 9, [10] 20].

A necessary and sufficient condition, obtained in [23] for the existence of classical solu-
tions in case when ¢ is continuous and positive on (a, b), reads as: f: t(1—1t)g(t)dt < oc.
It allows function g to be unbounded as x — a™ or x — b~. It seems natural to ask
whether function g may blow-up or vanish in the interior points of the domain as well.
To the best of our knowledge there are no results in this direction. On the other hand
it is not difficult to find an equation of the form and dealing with an irregular
function g. For example the equation is satisfied (in the sense of Definition with

g(z) = ala — D)z 2%, f(2) = 2%s>0, when « € (0,1) and § < —1 + é (2 — %)
(see Example [6.1] for details).

B) THE REGULARITY AND QUALITATIVE PROPERTIES OF SOLUTIONS. Some au-
thors deal with the qualitative properties of solutions to 1) We only discuss results

involving g € C((a,b)) as we did not find any other ones. In this case solutions are
classical, so their regularity is C([a,b]) N C?*((a,b)). The authors often ask about the



oscillatory properties of solutions (see e.g. [28]) or their asymptotic behavior ([19, 23]).
Naito in [19] considered the case (a,b) = (0,00) and obtained the conditions on admit-
ted continuous functions g such that the solutions to behave like nontrivial affine
functions ¢jz + ¢ as © — oco. The study of asymptotic behavior of solutions to (1.1]
in case §# > 0, g continuous and (a,b) = (0,1) (in particular (a,b) is bounded), was
provided in [23]. Some other related results can be found in [5], 25] 29].

It is natural to ask what can be said about the asymptotic behavior of the solutions in
case when g is less regular than continuous. This question is also of our interest.

Our goal is to present an effective tool to study weak solutions to (1.1 in case when
g € LP((a,b)), p > 2,0 € R, f is nonnegative and not necessarily strictly positive. We
achieve it in several approaches, which are described below.

e When dealing with we have to introduce a new definition of solutions. The
difficulty there is that when ¢ is irregular the solution may be irregular as well.
By our general assumptions f is continuous but it may not belong to Sobolev
space W21 ((a,b)) (see Theorem . In particular f” is defined in distributional
sense on whole interval (a,b), but when 6 is positive function gf~% is defined only
when f is nonzero. This is why we have to introduce a new definition of solutions
when # > 0 and f may admit zeroes inside (a,b) (Definition [6.1). Under our
assumptions, in general, the strong maximum principle does not apply to such
solutions (cf. Example and indeed the solutions may admit zeroes in (a,b).
Moreover, our class of admitted functions is essentially larger than the class in
[L1], where the authors assumed that f € W2 ((a,b)).

loc

e As a main result we obtain the following a priori estimates for solutions (cf. The-

orem [6.1)):

| @ruarasce [ gwpd, (12)

{/>0} {/>0}

[ irwrgerasse [ g@pd (13
{r>0} {r>0}

e The estimates are based on first and second order strongly nonlinear Poincaré
inequalities derived here which seem to be new (Theorems [4.1] and [5.1)):

/ (f(z)*(f(2))dx <C |f'(z)]F (f(x))?dx and
{f>0} {f>0}

[ G@rueri<c [ 1pa@pe) v (1.4)
{f>0}

{f>0}

/ () |P(f(x))Pda <C / ()P (f ()P da.
{f>0}

{r>0}



e The second order Poincaré type inequalities are obtained as a consequence of a
modification of the following strongly nonlinear multiplicative inequality obtained
recently in [I1] (cf. Theorem [3.1)):

z)'|P(f(x))"dx p=l : 2) F (2 DP (2P da
[ serrueyr < (E) [ U(U(H)U(Ddg |
1.5

e As an example of application of our regularity results and we deduce
asymptotic behavior of solutions to ({1.1)) near the boundary point a, generalizing
some of the earlier estimates from [11] (cf. Theorem [6.1]). Contrary to the similar
estimates contributing to the study of the asymptotic behavior proven in [I1],
we do not assume here that the solutions to are strictly positive nor that
f e W2 ((a,b)). For example we deduce that when f(0) = f(1) =0 and 6 > —1,

loc
we have

o .
ogfu>scmmw(/|mwmm)

as x — 0. In particular when —1 < 6 < —% the convergence to zero is faster than
linear. See Remark for details. As we link our estimates with L? norm of g,
our results cannot be compared directly with [5, 23] 25] 29].

As a partial result we obtain that a solution to is of the form h(z)T™7, where h €
Wh?((a,b)), see Theorem This suggests that perhaps when dealing with singular
ODEs it is natural to expect that solutions are rather compositions of Sobolev functions
than Sobolev functions itself. This is also why we required different than usual definition
of solutions. So far the problem of characterizing the set X satisfying the condition:
feX & T(f) e WrkP, where T is the given mapping, is not well understood, see |3, ]
for the related results.

2 Preliminaries and notation

Notation. If 7/ C R is an open subset, we use the standard notation: C§°(I) to denote
smooth compactly supported functions, W P(I) and W, ""(I) to denote the spaces of
global and local Sobolev functions defined on I, respectively. If A C R and f is defined
on A we denote by fxa the extension of f by zero outside set A. We write B(z,y) :=
fol t*~1(1 — t)¥"'dt to denote Euler’s beta function and D’'(I) to denote the space of
distributions on . When 1 < p < oo, by p we denote Hélder conjugate to p, i.e.
Il) + z% = 1. We write f; ~ fy if there exists universal constants C7,Cy > 0 such that



Cifs < fi < Cyfs on their domain. We set

[ AP for A#£0
(I)p(A)_{ 0 for X=0

for A € R, p > 1. An easy verification shows that ®, is a continuous function.
We also define for 6 # —1:

A A*1 when A >0 N when A >0
T { 0 when <o 4T { 0 when A<0. (2.1)

It is clear that T is differentiable on (0,00) and 7" = 7 on that set.

Poincaré inequalities.
We will be using the following Poincaré inequality. We submit the proof for readers
convenience.

Proposition 2.1. Let —oco < a <b < 400, 1 < p < oo. Then inequality

/ f(2)Pdz < Cy(a,b) / (@) Pdz (2.2)

holds with best constant Cy(a,b), where

i) Cp(a,b) _ (b B a)p (p1/p’(p/)1/p>P _ ( (b— a)sm( )) for

B(1/p,1/p') (p—1)mP

f e z((a,b)) :={we W'?((a,b)) : w(a) = 0 or w(b) = 0},

B(1/p,1/p") 2P (p—1)mP

i) Cyla0) =270 -0 (5r) " = YGRSl for £ e W),

Proof. For part ii) see e.g. [4, page 180]. To prove part i) we first observe that it
suffices to obtain the statement in case a = 0,0 = 1. We will deal with the following
objects:

W()lfym((_lv 1)) = {U) S WOLP((_L 1)) : U}(ZL‘) = ’(U(—ZE)},
ZEP((0,1)) == {w € WHP((0,1) : w(1) = 0},
JL W () Pdr

J = = , =0,
W mpar
fo lu' () |[Pdr
I(u) ;= uz0
() fo lu(T |pd7'



We observe that when u € Wy”((—1,1)) is nonnegative then the function v(z) =
1
(W)p satisfies f_ll vPdr = f_ll wPdz and v’ ()P < 3 (Ju'(2)|P + |u' (=) [P) (this

argument is a simple modification of the argument taken from [13, proof of Lemma 3.3|),
therefore f_ll [v'|Pdx < f_ll lu'[Pdx and

A =inf{J(u):u € WyP((=1,1)),u # 0} = inf{J(u) : u € Wy2 ((—1,1)),u # 0}.

0,sym
u(x)  when z € [0,1],
u(—z) when z € [-1,0)
is a surjection of Z'?((0,1)) onto Wy ((—1,1)) and we have J (%) = I(u). Hence

0,sym

A=inf{I(u):ue Z"((0,1)),u Z 0} = inf{I(u) : u e Z"((0,1)),u Z 0}.

Moreover, the mapping u — @ where 4 is given by @(z) = {

P/ ()P

-p
W) and the statement follows. O

As already shown in ii) we have A = <

Remark 2.1. As is well known (see [I7, Sections 1.1 and 1.4]), finiteness of the right-
hand side in (2.2) and assumption f € W,>!((a,b)) imply f € W'((a, b)) N C([a, b]).

loc

Nonlinear Sobolev spaces.
We introduce the following possibly nonlinear Sobolev and Beppo—Levi type “spaces”.

Definition 2.1. Let m e N, p>1, —co <a <b< +o0, § € R.

i)(nonlinear Sobolev spaces) By W™?%((a,b)) we will denote the subset of W' ((a, b))
consisting of those functions, for which

/ | f® (@) P|f ()P da < 0.
=0 ¥ (a.b)n{z:f(x)#0}

ii)(nonlinear Beppo—Levi spaces) By L™P?((a,b)) we will denote the subset of such
functions in W'l?c’l((a, b)), which satisfy the condition

/ F (@) P f (@) Pz < oo.
(a,b)n{x: f(x)#0}

We also define the local spaces W;""?((a,b)) and L]"?((a,b)) in the natural way,

i.e. f belongs to the related local space Xjo.((a,b)) if for any [a',b] C (a,b) we have
f € X((a',b)). Analogously we define these spaces on an arbitrary open set in R.

Our considerations will be restricted to the case m € {1,2} and to nonnegative functions.

Compositions of Sobolev functions.
We will be using the following well known fact (see e.g. [17]).

Lemma 2.1. If f : [-R,R] — R is absolutely continuous with values in the interval
la, 5] and L : [, ] — R is Lipschitz, then the function (L o f)(z) := L(f(x)) is

absolutely continuous on [—R, R).



3 Strongly nonlinear multiplicative inequalities

Our consideration will be based on the following theorem which is a modification of a
strongly nonlinear multiplicative inequalities obtained in |11l Propositions 4.2 and 4.3|
where assumption f € W21 ((a,b)) is weakened to f € W2 (I;).

loc loc

Theorem 3.1. Let —co<a<b<oo,p>2, 0€R,0# —%, D,(-) be given by .
Moreover, let function f : (a,b) — R be nonnegative, continuous and such that

a) f € Wai(Iy) where I; = {x € (a,b) : f(z) > 0}. In particular function

A (@) 1= g 0l @) @) ™ xi0 2) G.)

s well defined;

b) in case O < —1—17 let function f be either strictly positive or function Af be contin-
uous on (a,b).

Then for every r, R such that a <r < R < b, we have

/ £ @ ()P < 32)
{ze(r,R): f(x)>0}

<p—1 ) /{xe(rR):f(””)>0}( @) @) (fle)) s+ 6(r, R),

|1+ 0p|

where O(r, R) := Af(R) — Af(r).

Remark 3.1. Obviously, when the right-hand side in (3.2)) is finite for every a < r <
R < b, we necessarily have f € W2’p/2(]f).

loc

Remark 3.2. If x € (a,b) belongs to the boundary of I, i.e. f(z) =0 then f'(x) might
not be defined according to our assumptions. In such a case

Af(@) = g @p(f' (@) (f ()P x50 () = 0.

Proof. We start by recalling Lemma 4.1 of [IT] with A(\) = \°.

Lemma 3.1 ([I1]). Let —co <a<b<oo,p>2,0€R, 0 +# —%7 n > 0. Then for

every f € W2 ((a,b)) such that f > 1 and for every v, R such that a < r < R < b, we
have

[ irerueyre < (2 ) [ (V@@ 1) + 66 )

|1+ 0p|
(3.3)

where @(7"7 R) = ﬁ ((I)p(f/(R))(f(R))QzH—l o <I>p(f’(r))(f(7"))9p+1).

7



We return to the proof of Theorem , where assumptions: f > 7 and f € W2 ((a,b))
are relaxed.
Let 7, R be such that a < r < R < b. Let us consider the following decomposition

It(r,R) := (rnR)NI; ={z € (rR) : f(x) >0} = | L, (3.4)

where each I is of the form

(A) (ax, Bk) when f(ox) = f(Br) =0
(B) (r,Bk) when f(r) #0, f(B) =0,
(C) (a, R) when f(ax) =0, f(R) # 0,
(D) (r,R) when f(r) # 0 and f(R) # 0.

The proof will now proceed in two steps.

STEP 1. We prove a variant of inequality (3.2)) with (r, R) substituted by Ij.

We consider two (sufficiently small) sequences of positive numbers {ex; }1en, {0k }ien,
converging to zero and apply Lemma[3.1]for function f on the interval [y +ep, B — Or,-
Hence

Br—0k,1
[ i @p ) <

ktEk,1

— 5 Br—0k. »
( p—1 ) / ( \f(a:)fu(@‘) |f(x)|9pdx + @(ozk + €k, B — 5k7l)7

‘]‘ + 9p| k€K,

where

O(ag + €k, Br — Ora) = Af(Br — Ora) — Af (cu + €ra)-
We will let [ — co. Obviously we have

Br—0k,1 Br
lim F(@)P(f () Pdr = / P @)P(f () Pda
apteg, Qg
and
Br—0k,1 p B p
o [ (V@@ @ = [ (V@) @

Now we verify the convergence of ©(ay + €y, S — 0x,), dealing with each case (A)-(D)
separately.



CASE (A). Assume first that 6 > —1.

As Af(z) has the same sign as f'(z) and f has local minima at oy and [y, we can find
numbers e, — 0, 0x; — 0 as [ — oo such that f'(ag +exy) > 0, f'(Bp — dky) < 0 for
every k,l. Therefore obviously

O (o + €k, Br — Oy) < 0.
In case 0 < —Il) we use assumption b) to get:
lim @(ak + €k, Br — (51@1) =0.
=0

Thus in both cases we have

[ iraruere < (2o ) [ (V@) 1w

|1+ 0p )

and so the estimate (3.2]) holds.
CASE (B).
When I = (r, k), we get for suitably chosen positive numbers J;; converging to zero
1
Af(Be = 01) <0 when 6> —=,
p
00 1
Af(Br — 0ky) 280 when 0 < —-.
p

By similar arguments as in Case (A) but applied to intervals (7, 8 — dx,;) we obtain

[ irwpsere < (2 )g [ (VI@P@ i - Are),

" |1+ 0p|
which is (3.2 in this case.
CAsE (¢). For I = (o, R), (3.2)) is obtained by similar arguments and reads as:

[ irwrara < (2= )g [ (V@) s + Ar,

" 11+ 6p

CASE (D).
We apply Lemma [3.1] directly.

STEP 2. Summing up these inequalities with respect to k or dealing with CASE (D), we
get

/ P @)P(f (@) Pde <
(r,R)N{z: f(x)>0}

(t5a) Lo (VTGP 0 + AR ~ Aftr)



which ends the proof of the statement. O
Our next statement is an obvious consequence of Theorem (3.1

Corollary 3.1. Let the assumptions of Theorem be satisfied (in particular 0 # —%
and

liglfingf(R) — liril\sgp Af(r) <.

Then we have

/ F @ (f(@)?de <
{z€(a,b): f(x)>0}

<‘1p+_91p‘>2 /{me<a,b):f(z)>0} ( |f(x)f//(x)|>p (f(x))"da.

Remark 3.3. We do not know if the inequality 1) holds for 6 = —%. However, we
have weaker inequality for f € W2!((a,b)) (see 11l Proposition 6.3]):

loc

/{ 1 4 < ( - 1)p/ (D, (3.6)

ve(ab):f@)0y | (ze(ab): f(2)£0) /]

(3.5)

Remark 3.4. Suppose that we would like to relax the nonnegativity assumption on f
in Theorem If 0 < —Il), f € W2 ((a,b)) and f has a single zero in (a,b) then

loc
the inequality (3.5)) cannot hold with the left-hand side finite when f’ is continuous on
(a,b) and locally absolutely continuous on (a,b), no matter what boundary conditions

are required. Indeed, in such a case we have

1

Tr — 2o

@) = (o = o)ole), where wie) = ——— [ f(r)dr = fay) 20,

o
in a neighborhood I = (g — ¢,20 +¢) C (a,b) of xy, where x is such that f(zo) =
0, f'(zo) # 0. We deduce that w ~ Const #0 on [ and so f ~ (v —xg), f'~1on I. It
follows that there exists constant C' > 0 such that:

@) f(2)*d > C / & — o|7da

(zo—e,20+€)

/{IE(a,b):f(x)#U}

and the right-hand side is infinite if fp < —1. In case when f is nonnegative such
situation cannot happen therefore f cannot have single zeros.

10



4 First order Poincaré inequalities

In this section we obtain certain nonlinear variants of the Poincaré inequality. As a
consequence we will find optimal set X such that the mapping X > f +— T'(f) belongs
to the Sobolev space W'P((a, b)), for T given by (2.1).

In the following lemma we compute the distributional derivative of the composition
f = T(f), where the function f belongs to a suitable nonlinear Beppo-Levi set. We
have the following result.

Lemma 4.1. Let —oco < a <b< +o0, 8 > —1, T and 7 be defined by . Moreover,
let f € C((a,b)) be nonnegative and f € L0 (I), where I = {z € (a,b) : f(x) > 0}.
Then T(f) € Wb (a,b) and

loc

(T() =7(F)f - Xgap)>0) (4.1)

in the distributional sense.
If f s strictly positive then the condition 8 > —1 above can be relazed to 0 # —1.

For the reader’s convenience we submit the proof.

Proof. We start with the proof under the assumption 6 > —1.
Obviously T'(f) € L}, (a,b) because #+1 > 0 and f is continuous on (a,b). We compute

loc

its weak derivative from the very definition. Let ¢ € C§°((a, b)), then

b
T ! = — T 'der = — T 'dr = — T 'd
< (T(f)). 6 > / (F)¢'d /w,b)m{z;f(zw (e == / (f)d'de,

where [, are disjoint, open intervals such that | J, I = (a,b) N {z : f(x) > 0}. Every I
is of the form I, = (a, ) for some a < o < B < b, let Iy, = [a+¢, 8 —¢€]. Then we have

| e =ty [ 1(1)0ds

Iy, Iy,

On the interval [a + ¢, 8 — €] function f is strictly positive and so T'(f) belongs to the
space WU (I ) (Lemma [2.1)). Therefore

B—e

lim T(f)¢' dx = lim (T(f)qb

e—0 i e—0

- / (T(f)f’)cbdx) . / (r(F)) ddr. (4.2)

o+te 1 I

5

The last integral is finite because ¢ is compactly supported, T'(f) vanishes on those
endpoints of I; which are inside (a,b) and 7(f)f'x{s>0} is locally integrable on (a,b).
Hence

< (T(f)). ¢ >= / (r(f)f') bda. (4.3)

(a,p)N{z:f(xz)>0}

11



Thus T(f) € W' ((a,b)) and (4.1) follows from (4.3).
When f is strictly positive and 6 # —1, we still have T(f) € L, .((a,b)) and the

loc
remaining part of the proof follows by the same arguments dealing with one interval I}

only.
O

Remark 4.1. When we dealt with nonnegative continuous function f possibly having
zeroes in (a, b), assumption 6 > —1 was required for the continuity of function T'(f) at
x such that f(x) = 0. The last inequality in line holds due to that assumption.
Indeed, if for example 3 # b then ¢ might not vanish at 5 but T(f(5)) = 0. When
0 < —1itisnot true and T'(f) is not continuous. Therefore, in such a case, the conclusion
T(f) € Wh'((a,b)) cannot hold.

loc
The following statement is a variant of the nonlinear Poincaré inequality.

Theorem 4.1. Let —co < a <b< 400, p>1,0 € R, fe C((a,b)) be nonnegative
and one of the assumptions (A) or (B) holds where

(A) 0> —1 and
ar) f € L") where Iy = {x € (a,b) : f(z) > 0},

as) f is continuous on |a,b] and equal zero at at least one of the endpoints z €
{a,b},

(B) 0 < —1, f is strictly positive and
bl) f € Ll,pﬁ((a’ b))7

by) both limits lim,_, f(x) and lim,_y;, f(z) ezist and belong to (0, 00|, moreover
lim,_,, f(x) = oo for at least one of the endpoints z € {a,b}.

Then f1+0 € W'2((a,8)), (f*)' = (14 0)f°f' - X(ass(ars0) and we have

/ ()P (f(@))Pdx < C° o(a,b) / PP (F@)rde  (44)
(a,b)n{f(x)>0}

(a,0)n{f(z)>0}
where Cpg(a,b) = Cp(a,b)|1+ 0] and Cy(a,b) is the constant from Proposition [2.1], part

Proof. Assume first (A). According to Lemma we have T(f) € W' ((a,b)) and

loc

(T(£)) = 7(f)f'xs>0 € LP((a,b)). Therefore the statement follows from Proposition

part i) applied to T(f).
In case (B) due to condition be) function T'(f) obeys assumptions of Proposition

part i).
U

12



Remark 4.2. As follows from the above proof and Remark assumption: f0t! e
C([a,b]) in (A) and (B) can be relaxed to f € C((a,b)) and conditions ay) and bs)
substituted by

a,) f is continuous and equal zero at at least one of the endpoints z € {a, b},

b,) lim,_,, f(x) = oo for at least one of the endpoints z € {a, b}.

Remark 4.3. Assume that § > —1 and consider the mapping

1

_ 146
144 /

f=T(f)

restricted to nonnegative continuous functions on [a, b] the set of which we will denote
by C>(la,b]). Lemma and the verification of the LP integrability show that T :
LY2((15)) N Cs([a,b]) — WP((a,b)) N Cs([a,b]) is well defined. Moreover, it is one-
to-one. It is also surjective as for any w € W'?((a,b)) N C>([a,b]) mapping f := Wi
belongs to Cx([a,b]) N W2 (If) according to Lemma . By Lemma f' can be

loc

computed almost everywhere and (f'+%)" = (1+60)f%f = w' € L?((a,b)). This shows
that set X = L'"79(1;) N Cs([a,b]) is the optimal set for which property

X3 fe e W((a,b)) N Cs([a, b)), (4.5)

holds. For some selected works dealing with compositions of Sobolev functions see e.g.
[3, 6] and their references.

Remark 4.4. T'(f) must vanish at at least one of the endpoints of the interval as for
example for constant positive functions inequality (4.4) does not hold.

5 Second order Poincaré inequalities

We are now to derive second order nonlinear Poincaré inequalities.

Theorem 5.1. Suppose that —o00 < a < b < oo, p > 2,0 € R, 0 ¢ {—%,—1},
f € C((a,b)) is nonnegative,

Af(@) i= g O @) oo

and one of conditions (C) or (D) holds where
(C) > —1 and
¢1) fe W2 (Iy) where I; = {x € (a,b) : f(z) > 0},

loc

ca) [ is continuous and equal zero at at least one of the endpoints z € {a, b},
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c3) liminfg ~ Af(R) — limsup,. , Af(r) <0
c4) in case 0 < —% function f is either strictly positive on (a,b) or function
Af(X) is continuous on (a,b).
(D) 6 < —1, f is strictly positive on (a,b) and

di) | €Wy ((a,0)),

dy) lim,_,, f(x) = oo for at least one of the endpoints z € {a, b},

d3) condition c3) holds, equivalently

limsup @, (f'(R))(f(R))?"*! —liminf &,(f'(r))(f(r))?"** > 0.

R r\a
Then we have
/ (f(@))"(f(z))Pdz < A " (@) (f (x)) P da (5.1)
(a,b)n{z: f(x)>0} (a,b)n{z: f(x)>0}
/ F@P (@) i< B F@PE@)E (52
(a,b)n{z:f(z)>0} (a,b)n{z:f(z)>0}

where

g_(ci(a,b)me)z. p-1 ) é—(cp<a,b>u+er- L )

|1+ 0p| 11+ Op|
and Cy(a,b) is the constant from Proposition [2.1] part 7).

Proof. Let r and R be such that a < r < R < b and for simplicity we denote

A(r,R) = / (@) (f () Pd, (5.3)
(r,R)N{f>0}

R | PP @),
(r, R)ﬁ{f>0}
Clr. ) = PP )

(r,R)N{f>0}
A:= A(a,b), B:= B(a,b), C :=C(a,b)
— (@ (RS R)™ Xgstmsoy — 2o )T Xi5000)

Af(r),

—Af(

) =
© := liminf O(r, R).
R /b,r\a

We may assume that C' < oo and 0 < B < 0o as otherwise inequalities follow trivially
(in case B = 0 we have f = 0).
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We divide the proof into four steps.
STEP 1. We first show that

B(r, R) < ( p—] )§<A<r,R>>

|1+ 0p|

ST
=

+O(r, R), (5.4)

-(C(r, R))

in particular when only A(r, R) is finite, then B(r, R) is finite as well.

Indeed, by our assumptions (c;), ¢4), di)) we may apply Theorem This together
with a (weighted) Schwarz inequality gives

/ /()P (f ()" dx

(r,R)N{f>0}

( ) / VG @) (F@)Pde + 6(r. R)
(r,R) m{f>0}

(£70) ([ 0102

2 ~

| (/«,Rmoﬁf (I))p(f(x))"”d:c) L 6(r R),

which is exactly (5.4)).

STEP 2. We now prove that under assumption A < oo the inequalities (5.1]), (5.2)) are
satisfied.

By our boundary conditions we can chose suitable sequences r, \, @ and R, b
such that (with some of the limits being possibly infinite)

lim O(r,, R,) = 0O <0, lim A(r,, R,) = A,

IA

ol

IN

n—0o00 n—oo
lim B(r,, R,) = B, lim C(r,, R,) = C. (5.5)

Therefore, since (5.4)) is satisfied for every a < r, < R, < b, we get after passing to the
limit with n — oc:

p—1 LI
< Az2('z. 5.6
< (i) 50
Hence 0 < B < oo. Therefore f € L'7?(I;) and we may apply Theorem to get:
A< CFy(a,b)B. (5.7)
This combined with (5.6) gives
p—1 5 op 11
<|— C2 b)Bz('2 5.8
= (|1 —I—@pl) p,@(aﬂ ) 9 ( )



which after dividing by B> and using (5.7) gives

p—1 g
B < 1+6 b

-1 p
< p < —p 2012
A < (J1+0|Cya,b))’ B < (’1+9p’|1+9| Cp(a,b)> C

and completes the proof of Step 2. Assumption A < oo was needed to deduce that
B < oo and to be able to divide by B in the inequality 1)

STEP 3. Let us now show that for any —co < a <r < R < b < oo, and any z € (r, R)

/ (F ()P0 < (59)
{(r,R)N{f>0}}

Ry [ £ @) e+ 27 (R = ()00,
{(r,R)N{f>0}

To see this, let T(z) = (f ()X f(z)>0p and assume that the right-hand side
above is finite. By Lemma [4.1{ we have T € W2 ((r, R)) (as B(r, R) < co) and so for

any = € (r, R). .
/Z T (s)ds
(=7 ") d)) +T(2)
<=0 (5 [ |f'<s>|pds)’l’ +7(:)

=(R—1)"» (/R |T’(s)|pds); +T(2).

For any p > 1, o, 8 > 0, we have (a + 3)P < 2P~} (a® + 3P). Therefore

T(x)| <IT(z) = T()| + |T(2)]| < +1(z)

=

(T(z))? <22"Y (R —r)P~! / T (s)[Pds 4 2P~ (T(2)). (5.10)

According to Lemma we have T'(z) = (f(z))? - f - X{z:f(z)>0- Now (5.9) follows
-.

after integrating (5.10) over (r, R).

STEP 4. We relax on assumption A < oo from Step 2 and finish the proof. For this,
first we show that B in (5.3]) must be finite.
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According to Step 3 we have
A(r,R) < Ci(r, R)B(r, R) + Ch(r, R)(f(2)) "7,

where

Ci(r,R) =2""Y(R—r)", Cs(r,R)=2"""(R—r).
Combining this with (5.4 gives

B(r,R) < ( Pl )QAé(r,R).Cé(T,R) +0O(r,R)

1

g(p‘l)g@mntmeianmuwWW”yc%nm+émR>

<(itram)
— 1+ 0p|

The above inequality is of the form

M|

(G0 (BH0 ) + Gl R ) €0 )+ 60, )

X <aX?+8,
where
X = B(r,R) >0, (5.11)
( Pl )555( R)CH(r R) (5.12)
o= T, 2(r, R), .
11+ Op| !
5 (p‘l)QG% R)(f(2)" " C(r, R) + 6(r, F) (5.13)
= T, z)) 2 2(r, r, R). .
11+ Op| 2
It implies
1 a++/a?+4p
X3 < > .
Consequently
X <a*+28 (5.14)

and «, 8 can be globally estimated independently of r, R. Let r, \ a, R, /b be such
that lim,, o, O(r,, R,) = © < 0. Tt is clear that

lim C(r,, R,) = C < oc.

n—oo

Thus and by (5.11]) and (.14

lim B(r,, R,) = B < 0.

n—oo

17



Using the estimate

Ary, Rn) < 2p71<R —1)PB(ry, Rn) + 2p71(Rn - Tn)(f(z>)p(9+1)X{f(Z)>0} < 57

we get
lim A(r,, R,) = A.
n—oo
We deduce that A < oo and so we can apply Step 2 to finish the proof. 0

Remark 5.1. To apply Step 1 we required assumptions: (C): ¢1), ¢4) and (D): dy),
for Step 2 we required (C): ¢1), ¢2), ¢3) and (D): dy), ds), ds), while for Steps 3 and
4 we required (C): ¢;) and (D): dy).

6 Elliptic type a prior: estimates and nonlinear eigen-
value problems

Our main goal is to show an application of the desired inequalities to obtain new a
priori estimates to certain second order quasilinear singular ODEs. For this purpose,
we consider the following problem:

() = g(z)(f(2))™? for z € (a,b), f(x) >0,  €R, (6.1)

where —o0 < a < b < 00, g € LP((a,b)), subject to boundary condition f € R which
will be introduced later.

We provide below an analysis of the ODE (6.1), ending with the precise definition
of its solution. Contrary to the classical approach the solution may not be an element
of the classical Sololev space, but may rather be a composition of Sobolev function.

Analysis of ODE (6.1)).

Under the assumption f € C((a,b)) the left-hand side has interpretation in D'((a, b)),
but for the right-hand side this is not always the case. For further analysis we consider
two situations:

1) 0 < 0. In this case, as g € L?((a,b)) and f is locally bounded on (a, b), the right hand

side is a locally integrable function, so it defines a distribution on (a,b). In particular
(6.1) has a good interpretation in the distributional sense. Moreover, in this case we
have f € W2P((a,b)) (see [17], Section 1.1.2).

2) 6 > 0. In this case the right-hand side is well defined only on the open domain
I; ={z € (a,b) : f(z) > 0}, as otherwise (f(x))~? is not defined. Moreover, the right-
hand side in (6.1)) is locally integrable on Iy. Therefore has a good interpretation
in the space of distributions on I; and Iy is the optional domain for the validity of (6.1).
Note that when interpreting in D'(I;), we automatically deduce f € W2P(I;).

18



The above analysis leads to the following definition of solutions to (6.1)).

Definition 6.1. Let —0o < a < b < oo and g € LP((a,b)), 6 € R. We will say that f is
a solution to

(@) = g(2)(f(2))™" for x € (a,b), f(z) >0,

if f is nonnegative and the following assumptions hold:
1) f € C((a,b)), in particular f” is well defined in the sense of distributions;
2) in case # < 0 we assume that f € W' ((a,b)) and (6.1) holds in D'((a, b)), while in

loc

case 0 > 0 we assume f € W' (I;) where I; = {x € (a,b) : f(z) > 0} and the equation
holds in D' ().

An example of an ODE of the form (6.1)) where f is not necessarily strictly positive and
does not belong to W2 ((a,b)) is given below.

Example 6.1. Let (a,b) = (—1,1) and f(x) = 2%x4z>0 where a € (0,1). Then Iy =
(0,1) and f € W2I(I;) but f ¢ W2 ((—1,1)). Nevertheless, we have on (0,1)

loc

f'(@) = ala = 1D)2°7% = ala = D2 xeg - (2% Xaso = go(2) (f(2)) 7"
and gy € LP(—1,1) whenever § < —1 + 1(2 — zla) =Ky, € (1 — Ilj,oo). We observe that
f is not positive on the whole set (—1,1) and Definition is satisfied. In particular
Harnack principle in general does not hold for such solutions.

Our main result reads as follows.

Theorem 6.1. Suppose that —oco < a < b < oo, p > 2,0 € R, 0 ¢ {—%,—1},

fab|g(x)|pdx < 00, [ € C((a,b)) is the nonnegative solution of (6.1) in the sense of
Definition [6.1, and one of the conditions (C) or (D) holds where

(C) 0> —1 and
c1) f is continuous and equal zero at at least one of the endpoints z € {a,b},
CQ)

hgl/i‘{lf Af(R) —limsup Af(r) <0,

rN\a

where Af(x) := Wilq)p(f/(x))(f(x))ngX{bO}?

c3) in case 0 < —i function f is either strictly positive or function Af(x) is
continuous on (a,b).

(D) 0 < —1, f is strictly positive on (a,b) and
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di) lim,,, f(x) = oo for at least one of the endpoints z € {a, b},

dy) condition co) is satisfied, equivalently

limsup @, (f'(R))(f(R))?P*! —liminf &,(f'(r))(f(r))?"** > 0.

R m\a
Then f € L*P9(1;), f1*% € WbP((a,b)) and we have:
i)
/ |f(@)[P(f(x))dx < A,
/ P @ P ) e < B,
(a,b)"{a: f(x)>0}

/ WP @) =G,
(a,b)N{z: f(z)>0}

where

{C’; b)(1+ 6)? p—1 }p/ lg(z)|” dx,
|1 +0pl ) Jap)nie:sz)>0)

p
Cyla,b)l1 + 9] /' 9(@)? da,
? |1 + 9p| (a,b){a:f(z)>0}

e e SR
p{ e .,ye<,w}sz%<£|m>|d)

where D, = Cy(a,b)|1 + Q‘H% |1I:91p\'

iii) for 6 > —1 and lim,_,, f(z) =: f(a), we have

f@>§{fWW%Hx—mkh%(AWM@wm);}

1

146

Proof.
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i) Inequality (6.4]) is obvious since

c, = / g(0)Pd = / @) P ()7 da,
(a,b){z:f(x)>0} (a,b)N{z:f(x)>0}

while (6-2) and (6.3) follow from Theorem [5.1] The fact that f+!' € W'»((a,b))
follows from Theorem (1]

ii) Aswe have F' = f1*% € WlP(q, b), it suffices to apply the Morrey—Sobolev inequality
(J[T7, Theorem 1.4.5, part (f)]):

|ﬁixi;|i<§/)’<|x—y|l—/ P 'd“ 7—y </ P ‘pdx) |

where x,y € (a,b),z < y.

iii) We leave this part to the reader as an easy exercise.

O

Remark 6.1. The following example shows that one can find function f obeying as-
sumptions in Theorem [6.1]and f*¢ € W'#((a,b)) but f1*% & W??((a,b)). Indeed, con-
sider the same function as in Example [6.1] namely let (a,b) = (=1,1), fo(2) = 2%Xz>0
where parameter @ > 0 will be estabilished later. By the same verification we have

fa(@) = gao(x)(fo)? Where go o(z) = ala — 1)z*7>"*x,-o. We note that:

no € (1)) = 0 < ~L+ (2= ) = ry(a);
(o) €W ((—1,1) 4= 0> —1+ (1= ) = Byfa);
(o) € WA ((-1,1) 4 0> —1+ 22— 1) = ryfa);

and (,(a) < kp(a). Choosing o € (%,%) we have f, € W2'((~1,1)) and

)
[0 e Wir((—1,1)) but f1+9 cannot belong to W2P((—1,1)). In that sense regularity
result f1+% € WP((—1,1)) cannot be improved to f1*% € W2P((—1,1)) .
This also shows that in general the statement:
fo € L39(1) 1 Co[=1,1]) <= f140 € WEP(—1,1)) 1) Coo([~1, 1)
is false, while the statement:
fu € LIPO(I) 0 Copl[=1, 1]) <= [1H0 € WIP((~1,1)) 1 Cso([—1,1])
is true (see Remark [4.3).
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7 Additional remarks

The following remarks are in order.

Remark 7.1. When 6 > —1 conditions ¢;) and ¢3) hold if we assume that f is non-
negative and satisfies Dirichlet boundary condition: f(a) = f(b) = 0. When 6 < —1
d1), ds) hold provided that lim,_,, f(x) = lim,_;, f(x) = co.

Remark 7.2. Theorem can be compared with the following statement obtained in
|11, Proposition 7.2|, dealing with slightly different boundary conditions and essentially
stronger assumptions: f is strictly positive, f € W2 ((a,b)) (in this case a = 0).

loc
Proposition 7.1. Suppose that 1 < q < oo, a # —1 + %7 k = —sign(a + 1 — %),

0<b<oo,ge L(0,b) and let f € W2'((0,b)) be a positive solution of the following
ODE:

f"(z) = g(x)(f(z))* a.e. on (0,b)
lim inf ] f/(R) P f/(R) (f ()~ ! —limsup ] (1) 2 () F(r)) ot < g

Then we have

i) [P+ € LN0,b) and

b
! 2 —q(a+1)
[ < (LD g

&m{ufuqx_m<§» i wa(Qw}Sf%<Alﬂ@V@>M,
=V2¢—1lg—1+aq|” 1|1_a’

iii) If @ <1 then lim,~ f(r) =: f(0) ezists and the following estimate holds:

@) < {uw» + Al (/|g pac) }1a

Remark 7.3. In the original statement of assertion iii) in [II, Proposition 7.2] there is
an estimate:

@)l < {Um» + Afal (/|g e’ }13
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1
2

involving (f0b|g(x)|qu>5 instead of <f0b|g(x)\‘1dm> !

trivially from ii).

This is a typo as iii) follows

Remark 7.4. In the paper by Adamowicz and the first author [I]], the authors consider
the monotonicity properties of radial solutions to PDE having general form:

—a(z)) Ag(w) + h(ja],w, Vo - ) = d(w),

||

where A, (w) = —div (|[Vw|?7?Vw) is the ¢-Laplacian and the equation is defined on a
ball in R™. The particular cases that interest us are of the form:

1
w?
a(|z])
The adaptation of results from [I Section 5|, allows to deduce that (under some special

assumptions) the nonnegative solutions to (7.1)) are often monotonic and as a conse-
quence we can in such cases simplify the assumptions ¢3), ds) in Theorem

—a(|z))w” = w™?, equivalently w"’ = — = —g(2x)w™?, (7.1)

The following statement is obtained by an adaptation of methods from [IJ.

Theorem 7.1. Assume that f : [0, R] — [0, 00) is the solution to (L.1)) and additionally:

1) g € Wor((0,R))NC([0,R)), g > 0 in [0, R) and g is nondecreasing;

loc
2) feW2((0,R))NCY[0,7)) for any 0 <7 < R and f'(0) < 0;

g) —L<o<1.
p

Then f is nonincreasing in a neighborhood of R. In particular when f'(0) = 0 then
condition cy):
liminf Af(r) — limsup Af(r) <0
r/R ™\ 0
in Theorem is satisfied for f, where Af(x) := ﬁq)p(f’(x))(f(:v))epﬂx{bo}.
Moreover, if f(xo) =0 for some zo € [0, R) then f(x) =0 for every x > xo.

Proof. Assume at first that f/(0) = 0.

/

We have (3(f)?) = —15 (f*?) g(z) and the function ¥(s) = 15577 is increasing.

We consider the following three cases.

CASE 1. f is strictly positive on some interval (z, R) where 0 < z < R.

Let zp := inf{x : f(z) > O0on (z,R)}. Then we have either 2o = 0 or f(zg) = 0
for a g € (0,R). In both cases z( is a stationary point for f. We have two situ-
ations: a) there are no other stationary points in (xo, R) and b) set {z € (20, R) :
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x is a stationary point for f} is not empty. In case a) it suffices to check that W(f(xg))—
U(f(R)) > 0. We have for any 0 < ¢ < R — z¢:

x0 R—e
U(f(20)~U(f(R=e) = [ [fla)"f(2)de = / —— (@) [ (z)dx

R—e xo g(aj>

[ (%(f’(x)f)l S i 72)

[ Gl s

and we can let £ converge to zero. In case b) we consider any z¢ < y; < y2 < R and we
will show that f(y1) > f(y2). If y; is a stationary point for f this follows by the same
computations as in (7.2) with (zo, R) substituted by (yi,y2). If it is not the case, let
y1 < y1 be the nearest to y; stationary point in [xg, y;). Modification of shows that
then f is decreasing on (g1, 41), so it is also decreasing in a neighborhood of y;. If there
are no stationary points in (y1,y2), we deduce that f(y1) > f(y2). If it is not the case, let
U2 € (y1,y2) be the nearest stationary point to yi, then f(y;) > f(72). By modification
of with (zo, R) substituted by (72,y2) we deduce that then f(g2) > f(y2). In all
situations we have f(y1) > f(y2).

CASE 2. f is zero in a neighborhood of R.
In this case the assertion holds trivially.

CASE 3. There exists a sequence of zeroes of f converging to R and f is not identically
zero in every neighborhood of R.

This situation is impossible. Indeed, if it would hold, in arbitrary small neighborhood
of R, we could find 0 < z; < 23 < R such that f(z;) =0, f(xzg) > 0 and f > 0 on
(71, 3). The computations in with (xg, R) substituted by (z1,z2) show that then
0= f(z1) > f(x2) > 0, a contradiction.

When f’(0) < 0 then either f has no stationary point in (0, R) and then the assertion
is true or there exists a stationary point z € (0, R). In the last situation it suffices to
apply previous arguments with 0 substituted by z. This completes the proof. U

Remark 7.5. Taliaferro in [23]| studied the asymptotic behavior of positive classical
solutions to equation:

f'(z) + (x)f_e(ﬂf) =0, where z€(0,1),
{ f(O)gz f(hy=o0 (7.3)

where 6 > 0, ¢ is positive and continuous in (0, 1). It is proven there (see Theorems 3
and 5) that (7.3) has positive classical solutions if and only if fol t(1 —t)g(t)dt < oo.
Assuming this condition the author showed that
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i) if fo t=%dt < oo then there exists positive constant a such that

f(t) ~at —a’(1+0(1)) /Ot(t — 8)g(s)s ds,

ast — 0
L
ii) 1ff0/2 t=%dt = oo and h(t (ftlﬂ _eds) " Where ¢ > 0,9 ~ g as t — 0,
Y€ C([O, 1/2]) N C((0, 1/2)) and lim,_,¢ t,{j( : R > —2 then
041\
t)~ | ——= th(t
1o~ (53) e,
as t — 0.

Conditions on ¢ in i) and ii) involve weighted L' spaces L!((0,1),¢(1 — t)dt) and
LY((0,1/2),t7%dt), while we assume that g belongs the unweighted L? space on the
domain of solutions to the ODE. Therefore Taliaferro’s results cannot be directly com-
pared with ours.

On the other hand, when 6 > —1 and f solves , we deduce from our Theorem
statement iii) and Remark that solutions satisfy the estimate:

o e
ogf@>scmmw(/rmmwm) .
0

In particular when —1 < 0 < —5 we have {1:9) > 1 and our estimate allows to conclude
that solutions converge to zero as x — 0 faster than linearly.
It would be interesting to provide analysis on infinite intervals as well and describe the

asymptotic behavior of solutions near infinity.

Remark 7.6. Several nonexistence results which can be adapted to general equations
like can be found in papers [1, 12]. To the best of our knowledge, the existence
results of Emden-Fowler equation outside continuity assumptions on function g
are missing in the literature.

Acknowledgments. Part of this work was done when A.K. visited Istituto per le Ap-
plicazioni del Calcolo "Mauro Picone" Consiglio Nazionale delle Ricerche in Naples, in
May 2013. She thanks Claudia Capone and Alberto Fiorenza for discussions and hospi-
tality.
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